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1. Introduction
Lie´nard type second-order nonlinear differential equations [1]
x¨+ f(x)x˙+ g(x) = 0, (1)
appear very often modelling phenomena in many different areas of applied science
(see e.g. [2]) and have receiving a lot of attention the last years [2,3,4,5,6] These
equations are very related with first and second-kind Abel equations [7,8,9]. Some
generalisations of the Levinson and Smith type [10], where the function f(x) is
replaced in (1) by another one f(x, x˙), are also relevant and in particular the dif-
ferential equation
x¨+ h(x) x˙2 + f(x)x˙+ g(x) = 0, (2)
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2 Carin˜ena and Guha
that for h ≡ 0 reduces to the standard Lie´nard equation, while it is the quadratic
Lie´nard equation when f ≡ 0. Some of these terms seem to be dissipative and it
is not clear how to find first-integrals (see [6] for recent results). The problem be-
comes simpler when we are able to find an autonomous Lagrange function L whose
Euler-Lagrange equation is equivalent to the given Lie´nard equation, because then
the associated energy function is a constant of motion. This has been the case for
many of these equations, and in general the method for finding such Lagrangians is
based on the approach of the Jacobi last multiplier (hereafter JLM) as developed
by Jacobi [11]. Moreover, the knowledge of alternative but non gauge-equivalent
Lagrangians for the same dynamics leads to constants of motion. This result, that
is a direct consequence of JLM theory, is attributed in the physics literature to
Currie and Saletan for one-dimensional systems [12]. See also for the n-dimensional
systems [13], and [14] for a more geometric approach. The considered Lagrangians
are usually of the standard type, i.e. they can be expressed as a difference between
a ‘kinetic energy term’ and a ‘potential energy term’, but other non-standard La-
grangians can also be useful as those obtained from the JLM approach, because the
method can be applied to a broader range of physical problems.
As indicated above, Lie´nard and Abel equations are very related and in partic-
ular for the reduced form of the first-kind first-order Abel equation
dy
dx
= f(x)y2 + g(x)y3
Chiellini [15] was able to find an integrability condition: there exists a nonzero real
number k such that (see also [2,7,16,17,18])
d
dx
(
g(x)
f(x)
)
= k f(x).
We prove in Section 2 that the same condition is valid for the existence in a
certain family of functions of a JLM for the Lie´nard differential equation. Once
this multiplier has been found, and based on the knowledge of this Jacobi last mul-
tiplier, we can derive a (regular) Lagrangian which is a non-standard Lagrangian
but it yields the equations of motion of a deformation of a simpler standard La-
grangian. Section 3 develops the corresponding Hamiltonian formulation which is
not that of a mechanical type system. The theory is particularised for a damped
oscillator and then we also exhibit its connection to contact Hamiltonian mechan-
ics. Finally, in section 4 we analyse the Lagrangian formulation of Lie´nard equation
satisfying Chiellini condition from the perspective of the recently developed theory
of deformed Lagrangians [19,20].
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Non-standard Hamiltonian structures of Lie´nard equation and contact geometry 3
2. The Lagrangian formulation of a Lie´nard equation satisfying
Chiellini condition
Consider the classical Lie´nard equation (1), a class of second-order differential equa-
tions (SODE) in which the damping term is proportional to the velocity x˙:
x¨+ f(x)x˙+ g(x) = 0,
where we assume that f is a never vanishing function [2,3,4,5,6].
This second-order differential equation has associated a system of two first-order
differential equations {
x˙ = y
y˙ = −f(x)y − g(x) (3)
where x is the coordinate in the configuration space and y is its corresponding
velocity coordinate. The solutions of such system are the integral curves of the
following vector field in TR:
Γ = y
∂
∂x
− (f(x)y + g(x)) ∂
∂y
. (4)
Recall (see e.g.[11,21,22]) that if we consider the 2-form ω = dx ∧ dy in TR, a
Jacobi last multiplier for Γ is a strictly positive function M(x, y) such that LMΓω =
0. The divergence (w.r.t. ω) of a vector field X ∈ X(TR) is defined by LXω =
divX ω, and then in the particular case of a SODE vector Γ = y ∂/∂x+F (x, y) ∂/∂y
is div Γ = ∂F/∂y, and we can see that in this case the equation defining the JLM,
Γ(M) +M div Γ = 0, reduces to
Γ(M) +M
∂F
∂y
= 0, (5)
or equivalently to
Γ(logM) +
∂F
∂y
= 0, (6)
and in our particular case (4) both expressions reduce, respectively, to
Γ(M)− f M = 0, Γ(logM)− f = 0. (7)
This is a partial differential equation for M whose most general solution is not
easily found. However we can look for a particular one of some specific type. For
instance we can try to determine whether it is possible to find a real number α 6= 0
and a function W (x) such that
M = (y −W (x))1/α (8)
is a JLM. Since
Γ((y −W (x))1/α) = 1
α
(y −W (x))(1/α)−1 Γ(y −W (x))
=
1
α
(y −W (x))(1/α)−1 (−f(x)y − g(x)− yW ′(x)),
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4 Carin˜ena and Guha
with W ′(x) = dW/dx, the equation (7) for the JLM is in this case
f(x)y + g(x) +W ′(x)y + α f(x)(y −W (x)) = 0,
and consequently the function W (x) must be such that
W ′(x) = −(α+ 1)f(x) and αW (x) = g(x)
f(x)
. (9)
This shows that a necessary and sufficient condition for the function M defined by
(8) to be a JLM is (9). The compatibility condition between functions f and g, the
so called Chiellini condition [15], is:
d
dx
(
g(x)
f(x)
)
= −α (α+ 1)f(x) , −1 6= α 6= 0 . (10)
In this case we can find a JLM which can be used for determining a non-standard
Lagrangian and the corresponding energy first-integral.
On the other hand, it is to be remarked that if the functions f and g satisfy
(10), then we can introduce a new variable u by
u = y − 1
α
g(x)
f(x)
, (11)
and the given system of differential equations is equivalent to the new system x˙ = u+
1
α
g(x)
f(x)
,
u˙ = α f(x)u
(12)
because if x and y satisfy (3), then using (11),
u˙= y˙−1
α
d
dt
(
g(x)
f(x)
)
=−f(x)y−g(x)+(α+1)f(x) y = αf(x)
(
y − 1
α
g(x)
f(x)
)
=αf(x)u,
while if x and u satisfy (12), then
y˙ = u˙+
1
α
d
dt
(
g(x)
f(x)
)
= α f(x)u+
1
α
y(−α (α+ 1)f(x)) = −y f(x)− g(x).
Recall also that in the geometrical approach to Lagrangian mechanics [24,25,26]
one identifies the configuration space with a differentiable manifold whose tangent
bundle is the the velocity phase space [27,28]. The geometry of the tangent bundle is
encoded in two tensor fields: the vertical endomorphism, a (1, 1) tensor field S, and
the Liouville vector field ∆ generating dilations along the fibres (see [27,28]). We
can then define the 1-form θL = dL◦S, and ωL = −dθL, which is a symplectic form
when L is regular. In this case the dynamical vector field ΓL is the uniquely defined
solution of i(ΓL)ωL = dEL, where EL = ∆(L)−L is the energy function. Moreover,
ΓL turns out to be a second-order vector field, i.e. S(ΓL) = ∆. For such vector
fields the dynamical equation is equivalent to LΓLθL − dL = 0. Local coordinates
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Non-standard Hamiltonian structures of Lie´nard equation and contact geometry 5
(q1, . . . , qn) in the configuration space induce coordinates (q1, . . . , qn, v1, . . . , vn) on
its tangent bundle and the local expression of θL and ∆ are:
θL(q, v) =
∂L
∂vi
dqi, ∆(q, v) = vi
∂
∂vi
. (13)
It is a well known fact (see e.g. [22,23] and references therein) that in one-
dimensional problems there exists a uniquely defined (up to addition of a gauge
term) Lagrangian for each JLM whose Euler Lagrangian equations are equivalent
to the given SODE. This Lagrangian is such that
M =
∂2L
∂y2
, (14)
which in our case reduces to
∂2L
∂y2
=
(
y − 1
α
g(x)
f(x)
)1/α
,
so that a simple integration leads to
L(x, y) =
1
((1/α) + 1)((1/α) + 2)
(
y − 1
α
g(x)
f(x)
)(1/α)+2
+ h1(x)y + h2(x).
Here h1(x) and h2(x) are arbitrary functions of integration, and the term corre-
sponding to h1 may be eliminated because it is a gauge term.
Note that
∂L
∂y
=
1
(1/α) + 1
(
y − 1
α
g(x)
f(x)
)(1/α)+1
,
while
∂L
∂x
=
1
(1/α) + 1
(
y − 1
α
g(x)
f(x)
)(1/α)+1
(α+ 1)f(x) + h′2(x), (15)
and therefore, as the equation of motion LΓθL − dL = 0, we obtain
Γ
(
∂L
∂y
)
=
∂L
∂x
,
that in our case, as
Γ
(
∂L
∂y
)
=
(
y − 1
α
g(x)
f(x)
)1/α
(y(α+ 1)f(x)− (f(x)y + g(x)),
i.e.,
Γ
(
∂L
∂y
)
=
(
y − 1
α
g(x)
f(x)
)(1/α)+1
α f(x),
and when comparing with (15), it turns out to be h′2 = 0 and consequently h2 is a
constant, and the (non-sandard) Lagrangian is
L(x, y) =
1
((1/α) + 1)((1/α) + 2)
(
y − 1
α
g(x)
f(x)
)(1/α)+2
. (16)
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6 Carin˜ena and Guha
The corresponding conserved energy function, EL = y ∂L/∂y − L, is given by
EL = y
1
(1/α) + 1
(
y − 1
α
g(x)
f(x)
)(1/α)+1
− 1
((1/α) + 2)((1/α) + 1)
(
y − 1
α
g(x)
f(x)
)(1/α)+2
,
and consequently,
EL =
1
(1/α) + 2
(
y − 1
α
g
f
)(1/α)+1(
y +
1
1 + α
g
f
)
. (17)
which can also be rewritten as
EL =
1
(1/α) + 2
(
y − 1
α
g
f
)1/α (
y2 − 1
α(1 + α)
g
f
y − 1
α(1 + α)
(
g
f
)2)
. (18)
3. Non-standard Hamiltonians of Lie´nard equation and contact
structure
The Legendre transformation for the Lagrangian (16) associates each (x, y) ∈ TR
with a point (x, p) ∈ T ∗R in the usual manner:
p =
∂L
∂y
=
1
(1/α) + 1
(
y − 1
α
g(x)
f(x)
)(1/α)+1
,
and therefore
y =
1
α
g(x)
f(x)
+ ((1/α) + 1)p)
α/(α+1)
,
and then the Hamiltonian, which corresponds to the energy function in the phase
space, is given by
H = p y−L = p 1
α
g(x)
f(x)
+p
(
α+ 1
α
p
) α
α+1
− 1
((1/α) + 1)((1/α) + 2)
(
α+ 1
α
p
) 2α+1
α+1
or in a more reduced way,
H =
1
α
p
g(x)
f(x)
+
α
2α+ 1
(
α+ 1
α
p
) 2α+1
α+1
, (19)
which is a non-standard Hamiltonian.
The corresponding canonical equations, under Chiellini condition (10), are:
x˙ =
∂H
∂p
=
1
α
g(x)
f(x)
+
(
α+ 1
α
p
) α
α+1
,
p˙ = −∂H
∂x
= (α+ 1) f(x) p.
(20)
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Non-standard Hamiltonian structures of Lie´nard equation and contact geometry 7
3.1. Constant of motion of the damped oscillator from
non-standard Hamiltonian
Let us now consider the second-order differential equation describing the damped
oscillator,
x¨+ γ x˙+ x = 0, γ ∈ R, (21)
with associated vector field
Γdo = y
∂
∂x
− (γ y + x) ∂
∂y
, (22)
which is a particular case of Lie´nard equation corresponding to f(x) = γ and
g(x) = x, and then in this case
d
dx
(
g
f
)
=
d
dx
(
x
γ
)
=
1
γ
,
i.e. Chiellini condition is satisfied for γ−2 = −α(α+ 1).
Note also that the last term in (18) becomes in this case(
y − x
αγ
)(
y +
1
1 + α
x
γ
)
= y2 − 1
αγ2
1
α+ 1
x2 +
(
− 1
αγ
+
1
(α+ 1)γ
)
x y
that using Chiellini condition reduces to y2 +γ x y+x2. This shows that the energy
of the system is
EL =
1
(1/α) + 2
(
y − 1
α
x
γ
)1/α
(y2 + γ x y + x2).
On the other hand, we can also see that
Γdo
(
y − 1
α
x
γ
)1/α
=
1
α
(
y − 1
α
x
γ
)(1/α)−1(
−y 1
αγ
− (γ y + x)
)
,
that using Chiellini condition for this case can be rewritten as
Γdo
(
y − 1
α
x
γ
)1/α
= γ
(
y − 1
α
x
γ
)1/α
.
This relation shows that along the time evolution the quantity (y − x/(αγ))1/α
takes a value proportional to eγt, and therefore the quantity
I = eγt(x˙2 + γ x x˙+ x2)
is constant for the damped harmonic oscillator (21) [29,30].
In the more general case of arbitrary functions f and g satisfying (10) we have
that
Γ
(
y − 1
α
g(x)
f(x)
)1/α
=
(
y
∂
∂x
− (f(x)y + g(x)) ∂
∂y
)(
y − 1
α
g(x)
f(x)
)1/α
=
1
α
(
y − 1
α
g(x)
f(x)
)(1/α)−1
αf
(
y − 1
α
g(x)
f(x)
)
= f
(
y − 1
α
g(x)
f(x)
)1/α
.
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8 Carin˜ena and Guha
In full similarity with the previous particular case this relation shows that along
the time evolution the quantity F (x, y) = (y − g(x)/(α f(x)))1/α is such that ϕ(t) =
F (x(t), y(t)) takes a value proportional to
ϕ(t) ∝ exp
(∫ t
f(x(ζ)) dζ
)
, (23)
and as the energy is a constant of the motion, the quantity
I = ϕ(t)
(
y2 − 1
α(1 + α)
g
f
y − 1
α(1 + α)
(
g
f
)2)
is constant for the dynamics provided by a vector field (4) satisfying Chiellini con-
dition.
3.2. From a non-standard Hamiltonian to a contact Hamiltonian
Coming back to the damped harmonic oscillator (21), one can see it admits a
description in terms of contact geometry. We introduce a new variable s, consider
in R3 the surface defined by s(x, y) = xy, for damped oscillator, but s differs
from system to system. In particular we will see that for the Lie´nard equation s is
proportional to (g(x)/f(x))y. Define the vector field in R3
Γ¯do = y
∂
∂x
− (γ y + x) ∂
∂y
+ (y2 − x2 − γ s) ∂
∂s
, (24)
whose integral curves are the solutions of the system
x˙ = y
y˙ = −x− γ y
s˙ = y2 − x2 − γ s
(25)
This set of equations of motion describes a system with a friction force that
depends linearly on the velocity. In general, for arbitrary Hamilton H this set can
incorporate the description of a much larger class of models, like generalised dis-
sipative systems and systems in equilibrium with a heat bath, i.e. the so-called
thermostated dynamics, where s or a function of s characterises effectively the in-
teraction with the environment.
Recall that a contact manifold is a pair (M,η) where η is a 1-form in the (2n+1)-
dimensional manifold M such that η ∧ (dη)∧n is a volume form in M . There is a
uniquely defined vector field E (called Reeb or characteristic vector field) such that
(see e.g. [31,32,33,34])
i(E)η = 1, i(E)dη = 0. (26)
For each function f in M there is a contact Hamiltonian vector field Xf such
that
i(Xf )η = f, i(Xf )dη = df − E(f) η. (27)
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Non-standard Hamiltonian structures of Lie´nard equation and contact geometry 9
It is easy to check that if c ∈ R, then Xc = cE and in particular X1 = E,
and that Xf1+f2 = Xf1 + Xf2 , while Xf2 f1 = f2Xf1 + f1Xf2 − f2 f1E. Fur-
thermore, Xf (f) = f E(f) and more generally, Xf (f
k) = k fk E(f). This con-
tact structure defines a Jacobi structure where the bivector field Λ is defined by
Λ(df2, df1) = dη(Xf2 , Xf1). The analogous to Darboux theorem for symplectic man-
ifolds establishes the existence of a set of coordinates (s, qi, pi), with i = 1, . . . , n,
such that
η = ds−
n∑
i=1
pi dq
i (28)
In such a coordinate set the expressions of E, Λ, {·, ·} and Xf are:
E =
∂
∂s
Λ =
n∑
i=1
(
∂
∂qi
∧ ∂
∂pi
+ pi
∂
∂s
∧ ∂
∂pi
)
{f1, f2} =
(
f1 −
n∑
i=1
pi
∂f1
∂pi
)
∂f2
∂s
−
(
f2 −
n∑
i=1
pi
∂f2
∂pi
)
∂f1
∂s
+
n∑
i=1
(
∂f1
∂qi
∂f2
∂pi
− ∂f2
∂qi
∂f1
∂pi
)
Xf =
(
n∑
i=1
pi
∂f
∂pi
− f
)
∂
∂s
+
n∑
i=1
∂f
∂pi
∂
∂qi
−
n∑
i=1
(
∂f
∂qi
+ pi
∂f
∂s
)
∂
∂pi
(29)
In the particular case of the damped harmonic oscillator the manifold M is R3 and
η is then η = ds − y dx, and then the contact Hamiltonian vector field defined by
the function f is:
Xf =
∂f
∂y
∂
∂x
−
(
∂f
∂x
+ y
∂f
∂s
)
∂
∂y
+
(
y
∂f
∂y
− f
)
∂
∂s
and choosing the function f(x, y, s) = 12 (y
2 + 2γ s + x2), which plays the role of
Hamiltonian, we see that the corresponding contact Hamiltonian vector field is (24).
In the case of the Lie´nard equation things are not so simple. If we define
s = − 1
α(1 + α)
g
f
y , (30)
then we obtain
s˙ = − 1
α(1 + α)
d
dx
(
g
f
)
y2 − 1
α(1 + α)
g
f
(−f(x) y − g(x))
= f(x)
(
y2 +
1
α(1 + α)
g
f
y +
1
α(1 + α)
(
g
f
)2)
.
Now once again we can choose as Hamiltonian the function
h(x, y, s) = y2 − 1
α(1 + α)
(
g
f
)2
+ s,
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and then a straightforward computation shows
s˙ = f(x)
(
y
∂h
∂y
− h
)
. (31)
Unfortunately we cannot recast the Lie´nard equation in contact mechanics form,
unless the function f(x) is a constant. Similar result is obtained when the system
(12) is considered and the contact 1-form η = ds− u dx.
4. Deformation of Lagrangians
We will show that the Lagrangian derived here is a deformation of a more ele-
mentary Lagrangian L. Consider a differential function φ : R → R, then for a
Lagrangian L, the deformation of Lagrangian function is φ(L) (see [19], and [20]
for the t-dependent case).
Using the geometrical approach to Lagrangian dynamics mentioned before, we
can get the relation between the equations of motion for a Lagrangian L and for
its deformation φ(L) as given by [19]:
Theorem 1. Let be φ : R→ R a differentiable function and L a regular Lagrangian
for a SODE vector field ΓL, i.e. such that i(ΓL)ωL = dEL. Then, the equations of
motion for φ(L), LΓφ(L)(θφ(L))− d(φ(L)) = 0, are equivalent to
Γφ(L)(φ
′(L)) θL + φ′(L)(LΓφ(L)θL − dL) = 0. (32)
Note that equation (32) can be rewritten as
φ′′(L) Γφ(L)(L) θL + φ′(L)(LΓφ(L)θL − dL) = 0. (33)
or more explicitly in coordinates,
Γφ(L)
(
∂L
∂yi
)
− ∂L
∂xi
+
φ′′
φ′
Γφ(L)(L)
∂L
∂yi
= 0. (34)
4.1. Application to Lie´nard system
Let us start by remarking that the Euler Lagrange equation of the Lagrangian L
given by
L =
(
y − 1
α
g(x)
f(x)
)2
, (35)
assuming that the functions f and g satisfy Chiellini condition (10), is
x¨+
α+ 1
α
g(x) = 0. (36)
Therefore, the Lagrangian L given in (16) for equation (1), which was derived
earlier by using JLM with Chiellini condition, can also be seen as the deformation
of the simpler elementary Lagrangian L, i.e., up to a factor, L = L(1/α)+2, and
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therefore φ(x) = x(2α+1)/(2α). Actually one can check from (34), using Chiellini
condition (10), that
∂L
∂y
= 2
(
y − 1
α
g(x)
f(x)
)
=⇒ Γφ(L)
(
∂L
∂yi
)
= 2(x¨+ α(α+ 1) f x˙)
∂L
∂x
= 2
(
y − 1
α
g
f
)
(α+ 1) f
Γφ(L)L = 2
(
y − 1
α
g(x)
f(x)
)
(x¨+ α(α+ 1) f(x) x˙)
that together with
φ′′
φ′
=
1
2α
1
L =
1
2α
(
y − 1
α
g
f
)−2
, (37)
this leads to the Lie´nard equation (1).
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